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I. Previous Work
My research has been primarily in the area of algebraic combinatorics.

I have made significant contributions to the theory of symmetric rational
functions, multiple q–series and elliptic hypergeometric series identities. The
most relevant AMS MSC numbers for my primary research interests are 05,
11 and 16.

1. Elliptic Macdonald Functions. In particular, I have defined
(jointly with R. A. Gustafson) and studied two remarkable families of BCn

type symmetric elliptic rational functions [34], namely the Macdonald func-
tions Wλ/µ(z; q, p, t; a, b), and the Jackson coefficients ωλ/µ(z; r, q, p, t; a, b)
that generalize Wλ/µ by an additional parameter. These functions extend the
symmetric Macdonald polynomials ([71, 70, 68, 69, 72, 73]) and Okounkov’s
([84, 85, 86, 87, 88, 89] and [58, 59]) symmetric interpolation polynomials.

The genesis of the Wλ functions goes back to a family of symmetric inter-
polation polynomials defined by Biedenharn and Louck [26]. The proof given
by Biedenharn and Louck for the symmetry of their polynomials depends on a
well-known hypergeometric transformation formula for balanced terminating

4F3 hypergeometric series. By using Bailey’s 10φ9 transform, it was possible
to include two additional parameters to their functions in the two variable
case, obtaining the two variable (trigonometric) Wλ functions. The general
Wλ functions were then studied as a means to generalize these classical hy-
pergeometric methods to the context of multivariate hypergeometric series.
By using the elliptic version of the Bailey’s 10φ9 transformation as given in
Frenkel and Turaev [40], it was easily seen that the same approach general-
ized to the elliptic case. Following Frenkel and Turaev, there has been much
work done recently in studying different generalizations of hypergeometric
series involving elliptic functions, e.g. [99], [107] and [113]. Finally, the ωλ

further generalized Wλ by an additional parameter which, in turn, simplified
the proof of the major properties of these functions.

The definitions of these functions are given in terms of elliptic Pochham-



mer symbol (a)µ defined as

(a)λ = (a; q, p, t)λ :=
n∏

k=1

(at1−i; q, p)λi

where (a; q, p)m, for a ∈ C and a positive integer m, is given by

(a; q, p)m :=
m−1∏
k=0

θ(aqm)

The normalized elliptic function θ(x) is defined by

θ(x) = θ(x; p) := (x; p)∞(p/x; p)∞, | p| < 1

where

(x; p)∞ :=
∞∏
i=0

(1− xpi).

The definition is extended to negative integers m by setting (a; q, p)m =
1/(aqm; q, p)−m. Note also that when p = 0, (a; q, p)m reduces to so called
basic (trigonometric) q–Pochhammer symbol. The notation

(a1, . . . , ak)λ = (a1, . . . , ak; q, p, t)λ := (a1)λ . . . (ak)λ.

is also used.
Let λ = (λ1, . . . , λn) and µ = (µ1, . . . , µn) be partitions of at most n parts

for a positive integer n such that the skew partition λ/µ is a horizontal strip;
i.e. λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ . . . ≥ λn ≥ µn. Then for q, p, t, x, a, b ∈ C, define

Hλ/µ(q, p, t, b) :=
∏

1≤i<j≤n

{
(qµi−µj−1tj−i)µj−1−λj

(qλi+λj t3−j−ib)µj−1−λj

(qµi−µj−1+1tj−i−1)µj−1−λj
(qλi+λj+1t2−j−ib)µj−1−λj

·
(qλi−µj−1+1tj−i−1)µj−1−λj

(qλi−µj−1tj−i)µj−1−λj

}
·

∏
1≤i<(j−1)≤n

(qµi+λj+1t1−j−ib)µj−1−λj

(qµi+λj t2−j−ib)µj−1−λj

and

Wλ/µ(x; q, p, t, a, b) := Hλ/µ(q, p, t, b) · (x−1, ax)λ(qbx/t, qb/(axt))µ

(x−1, ax)µ(qbx, qb/(ax))λ

·
n∏

i=1

{
θ(bt1−2iq2µi)

θ(bt1−2i)

(bt1−2i)µi+λi+1

(bqt−2i)µi+λi+1

· ti(µi−λi+1)

}
.



For arbitrary λ and µ the function Wλ/µ(y, z1, . . . , z`; q, p, t, a, b) in ` + 1
variables y, z1, . . . , z` ∈ C is defined by the following recursion formula

Wλ/µ(y, z1, z2, . . . , z`; q, p, t, a, b)

=
∑
ν≺λ

Wλ/ν(yt−`; q, p, t, at2`, bt`) Wν/µ(z1, . . . , z`; q, p, t, a, b).

Similarly, the symmetric Jackson coefficients ωλ/µ are defined by

ωλ/µ(x; r, q, p, t; a, b) :=
(x−1, ax)λ

(qbx, qb/ax)λ

(qbr−1x, qb/axr)µ

(x−1, ax)µ

· (r, br−1t1−n)µ

(qbr−2, qtn−1)µ

n∏
i=1

{
θ(br−1t2−2iq2µi)

θ(br−1t2−2i)

(
qt2i−2

)µi

}
·

∏
1≤i<j≤n

{
(qtj−i)µi−µj

(qtj−i−1)µi−µj

(br−1t3−i−j)µi+µj

(br−1t2−i−j)µi+µj

}
Wµ(qλtδ(n); q, p, t, bt2−2n, br−1t1−n)

where x, r, q, p, t, a, b ∈ C.
The recursion formula for Jackson coefficients is

ωλ/τ (y, z; r; a, b) :=
∑

µ

ωλ/µ(r−ky; r; ar2k, brk) ωµ/τ (z; r; a, b)

where y = (x1, . . . , xn−k) ∈ Cn−k and z = (xn−k+1, . . . , xn) ∈ Ck. The ωλ/µ

can be extended to an arbitrary number of variables via this definition.

2. Elliptic Hypergeometric Series Identities. The Wλ and ωλ

functions satisfy a number of identities which generalize important identities
for classical very-well-poised basic hypergeometric series, such as the Jackson
summation theorem and Bailey’s 10φ9 transformation. The Jackson sum can
be written in the most general form as

(qb/a, qb)λ

(as, s)λ

ωλ(s
−1z; r; ar1−ks2, br1−ks)

ωλ(r−k; r; qbsrk−1, bs)

=
∑

µ

n∏
i=1

{
θ(bt2−2iq2µi)

θ(bt2−2i)

(
qt2i−2

)µi

} ∏
1≤i<j≤n

{
(qtj−i)µi−µj

(qtj−i−1)µi−µj

(bt3−i−j)µi+µj

(bt2−i−j)µi+µj

}
· (bt1−n, qb/as)µ

(qtn−1, as)µ

Wµ(qλtδ(n); q, p, t, bst2−2n, bt1−n)
ωµ(z; r; ar1−k, br1−k)

ωµ(r−k; r; qbrk−1, b)



where λ is a partition of length at most n, z = (x1, . . . , xk) ∈ Ck, the
summation index µ runs over partitions.

Similarly, the BCn generalization of Bailey’s classical 10ϕ9 transformation
can be written in the form

(su, a′us−1, qbs, qbs/a′)ν

(qb, qbs2/a′, u, a′u)ν

(asr−1, qb/a)τ

(qb/as, ar−1)τ

·
∑

λ
µ⊆λ⊆ν

(bt1−n, qb/as, r, ar−1, qbs/a′u, a′s−1)λ

(qtn−1, as, qbr−1, qbr/a, a′us−1, qbs/a′)λ

·
n∏

i=1

{
θ(bt2−2iq2λi)

θ(bt2−2i)

(
qt2i−2

)λi

} ∏
1≤i<j≤n

{
(qtj−i)λi−λj

(qtj−i−1)λi−λj

(bt3−i−j)λi+λj

(bt2−i−j)λi+λj

}
·Wλ(q

νtδ(n); q, p, t, bsut2−2n, bt1−n) Wτ (q
λtδ(n); q, p, t, bt2−2n, br−1t1−n)

=
∑

λ
µ⊆λ⊆ν

(bst1−n, rs, asr−1, qb/a, qbs/a′u, a′s−1)λ

(qtn−1, qbr−1, qbr/a, as, a′u, qbs2/a′)λ

·
n∏

i=1

{
θ(bst2−2iq2λi)

θ(bst2−2i)

(
qt2i−2

)λi

} ∏
1≤i<j≤n

{
(qtj−i)λi−λj

(qtj−i−1)λi−λj

(bst3−i−j)λi+λj

(bst2−i−j)λi+λj

}
·Wλ(q

νtδ(n); q, p, t, bsut2−2n, bst1−n) Wτ (q
λtδ(n); q, p, t, bst2−2n, br−1t1−n)

where γ = qb2/cde.
These results appeared in a joint paper titled “Well–Poised Macdonald

Functions Wλ and Jackson Coefficients ωλ on BCn” published in AMS Con-
temporary Mathematics [34].

3. BCn Bailey Lemma. I have proved, as an important application of the
theory of elliptic Jackson coefficients, an elliptic BCn generalization of the
classical Bailey Lemma [33]. This is an extremely powerful tool for finding
multiple analogues of elliptic hypergeometric series and q–series identities
(see [2], [18], [19], [20], [14], [42], [67], [106], [112], [34] and [33] for example).

The Bailey Lemma was introduced by W. N. Bailey in 1944 for the first
time [18] as he attempted to clarify the mechanism behind Roger’s proof
of the Rogers–Ramanujan identities. G. E. Andrews introduced a stronger
version of the Lemma emphasizing its iterative nature in 1984 [12]. P. Paule
independently introduced a bilateral version of the Lemma around the same
time [92]. Higher dimensional generalizations of Bailey Lemma were given



by Milne and Lilly [67] (A` and C`) in 1992, and by Andrews, Schilling
and Warnaar more recently in 1999 [17]. Using Bressoud’s matrix inversion
result [30] involving an infinite lower triangular matrix with two parameters
and the approach employed in [2], the one parameter Bailey Lemma is later
extended to a two parameter Bailey Lemma [28].

Bailey Lemma is a special case of the classical Bailey Transform that
transforms a double sum with two infinite series into a double sum with
an infinite series and a finite sum. The BCn generalization of the Bailey
Transform is given in my paper [32] in the following form. Let α, δ and m
be lower triangular matrices indexed by partitions. If β and γ are defined to
be the matrices with entries

βλτ =
∑

µ
τ⊆µ⊆λ

mλµ αµτ , and γνλ =
∑

µ
λ⊆µ⊆ν

δνµ mµλ

then ∑
λ

τ⊆λ⊆ν

γνλ αλτ =
∑

λ
τ⊆λ⊆ν

δνλβλτ

Alternatively, the Bailey Lemma can be proved as a limiting case of the
two parameter Bailey Lemma. I have also proved an elliptic multiple ana-
logue of the more general two parameter BCn Bailey Lemma, as an appli-
cation of a remarkable result called cocycle identity for ωλ/µ which can be
written in the form

ων/µ((uv)−1; uv, q, p, t; a(uv)2, buv)

=
∑

µ⊆λ⊆ν

ων/λ(v
−1; v, q, p, t; a(vu)2, bvu) ωλ/µ(u−1; u, q, p, t; au2, bu)

where the summation index λ runs over partitions.
The notion of a Bailey pair will be needed in the statement of two pa-

rameter BCn Bailey Lemma. Let K be the field of rational functions in
σi, ρi, ai, bi ∈ C for i ∈ Z> over the field C(q, p, t). The infinite sequences α
and β of rational functions αλ, βλ ∈ K indexed by partitions form a Bailey
pair relative to (b1, a1) if they satisfy

βλ =
∑

µ

Mλµ(b1, a1) αµ



where the sum is over partitions. The infinite dimensional lower triangu-
lar matrix M(a, b) is indexed by partitions with respect to partial inclusion
ordering ⊆ defined by

µ ⊆ λ ⇔ µi ≤ λi, ∀i ≥ 1.

The condition that M(a, b) is lower triangular with respect to the partial
inclusion ordering can be stated in the form

M(a, b)λµ = 0, when µ 6⊆ λ.

Now, let λ be a partition of at most n parts and q, t, a, b, ρ and σ be
complex parameters. I have defined BCn analogues of the infinite matrix
M(a, b) in the form

Mλµ(a, b) :=
b|λ|

a|µ|
(a/b)λ

(qb)λ

Kµ(b) Wµ(qλtδ(n); q, p, t, at2−2n, bt1−n)

where

Kµ(b) = Kµ(b, n) := q|µ|t2n(µ) (bt
1−n)µ

(qtn−1)µ

n∏
i=1

{
θ(bt2−2iq2µi)

θ(bt2−2i)

}
·

∏
1≤i<j≤n

{
(qtj−i)µi−µj

(bt3−i−j)µi+µj

(qtj−i−1)µi−µj
(bt2−i−j)µi+µj

}
and the infinite diagonal matrix S(b) with diagonal entries by

Sλ(b) :=
(σ, ρ)λ

(qb/σ, qb/ρ)λ

(
qb

ρσ

)|λ|

where |λ| =
∑n

i=1 λi and n(λ) =
∑n

i=1(i− 1)λi.
Before the two parameter BCn Bailey Lemma stated, note that the mul-

tiplication of two such lower triangular matrices is defined by the relation

(uv)λµ :=
∑

µ⊆ν⊆λ

uλνvνµ

where u and v are indexed by partitions.



Suppose now that (α, β) form a Bailey pair relative to (b1, a1). Then the
two parameter elliptic BCn Bailey Lemma states that the pair β′ and α′

defined by
β′ = S(a2)S

−1(b1)M(b2, b1)S(b1) β

and
α′ = S(a1)M(a2, a1) α

also form a Bailey pair relative to (b2, a2) provided that qa1b1 = a2ρσ.

4. Multiple q–series Identities. I have proved, using the BCn Bailey
Lemma, various multiple root system generalizations of certain well–known
elliptic hypergeometric series and q–series identities including multiple Wat-
son transformation, Rogers–Selberg identity, and celebrated Euler’s Pentago-
nal Number Theorem and Rogers–Ramanujan identities. The basic (trigono-
metric) BCn Watson transformation, for example, can be written in the form

(qb, qb/ρ2σ2)λ

(qb/σ2, qb/ρ2)λ

∑
µ⊆λ

q|µ|t2n(µ) (σ2, ρ2, qb/ρ1σ1)µ

(qtn−1, qb/σ1, qb/ρ1)µ

·
∏

1≤i<j≤n

{
(qtj−i)µi−µj

(qtj−i−1)µi−µj

}
Wµ(qλtδ(n); q, t, qbtn−1/ρ2σ2)

=
∑
µ⊆λ

(
q3b2

σ1ρ1σ2ρ2

)|µ|

(−1)|µ|qn(µ′)tn(µ)

n∏
i=1

{
(1− bt2−2iq2µi)

(1− bt2−2i)

}

·
∏

1≤i<j≤n

{
(qtj−i)µi−µj

(bt3−i−j)µi+µj

(qtj−i−1)µi−µj
(bt2−i−j)µi+µj

}
Wµ(qλtδ(n); q, t, 0, bt1−n)

· (bt1−n, σ2, ρ2, σ1, ρ1)µ

(qtn−1, qb/σ1, qb/ρ1, qb/σ2, qb/ρ2)µ

A limiting case of this identity gives the Rogers–Selberg identity, and the
latter yields the Rogers–Ramanujan identities under certain specializations.
These results are to appear in a paper [33] titled “An Elliptic BCn Bai-
ley Lemma, Multiple Rogers–Ramanujan Identities and Euler’s Pentagonal
Number Theorems” published by AMS Transactions.

The Rogers–Ramanujan identities and Euler’s Pentagonal Number The-
orem are decisively among the most celebrated classical q–series identities.



The one dimensional Rogers–Ramanujan identities can be written in the form

∞∑
m=0

qm(m+δ)

(q; q)m

=
1

(q1+δ; q5)∞(q4−δ; q5)∞

where δ ∈ {0, 1}, | q| < 1 and (a; q)α for q, α ∈ C is defined formally as

(a)α = (a; q)α :=
(a; q)∞

(aqα; q)∞

in terms of (a; q)∞ :=
∏∞

i=0(1 − aqi) defined earlier. These identities were
first proved by Rogers [97] in 1894, and then rediscovered and made popular
by Ramanujan [54] few years later. Many contributed to the study of the
identities by simplifying existing proofs, giving new proofs of different nature,
establishing their relations to other branches of mathematics and generalizing
these identities [17], [18], [43], [81], [104], [108].

I have proved multiple series analogues of Rogers–Ramanujan identities
associated to various root systems. The Dn multiple Rogers–Ramanujan
identities, for example, can be written as

∑
λ∈Zn

≥

n∏
i=1

{
q(δ+n−1)(λi−n+i)+(λi−n+i)2

(q)λi

} ∏
1≤i<j≤n

{
(1− qλi−λj)

}
=

(−1)(
n
2)q(

n
2)(4n+3δ−2)/6

2 θ(q; q5)n θ(q2; q5)n
· det
1≤i,j≤n

(
q(j−1)(n−i+δ/2) θ(q4n+2δ+1−4i+j; q5)

+ q−(j−1)(n−i+δ/2) θ(q4n+2δ+3−4i−j; q5)

)
The cases δ = 0 and δ = 1 give the first and the second Dn Rogers–
Ramanujan identities, respectively. A single Bn multiple Rogers–Ramanujan
identity can be written, similarly, in the form

∑
λ∈Zn

≥

n∏
i=1

{
q(1+n)(λi−n+i)+(λi−n+i)2

(q)λi

} ∏
1≤i<j≤n

{
(1− qλi−λj)

}
=

(−1)(
n
2)+nqn(n+1)(4n−1)/12

θ(q; q5)n θ(q2; q5)n
· det

1≤i,j≤n

(
q(j−1/2)(n−i+1)θ(q6+4n−4i+j; q5)

− q−(j−1/2)(n−i+1)θ(q7+4n−4i−j; q5)

)



In both cases, n is a positive integer and | q| < 1 as usual.
The classical Euler’s Pentagonal Number Theorem states that

(q)∞ =
∞∑

m=0

(−1)mqm+3(m
2 )

This beautiful identity was first proved by Euler [39] in 1793. Many gener-
alizations and combinatorial interpretations appeared in literature [3], [12],
[23], [38], [102], etc. I gave a remarkable infinite family of multiple series ana-
logues of Euler’s Pentagonal Number Theorem associated to the root system
Dn of rank n. These identities can be written in the form

(q; q)n
∞

∏
1≤i<j≤n

(qk(j−i); q)∞
(qk(j−i+1); q)∞

=
∑
µ∈Zn

(−1)|µ|q−kn(µ)+3n(µ′)+|µ|(k(n−1)+1)

·
∏k,1

1≤i<j≤n

{
(q1+k(j−i−1)+µi−µj ; q)∞
(qk(1+2n−i−j)+µi+µj ; q)∞

(q1+k(−1+2n−i−j)+µi+µj ; q)∞
(qk(j−i+1)+µi−µj ; q)∞

}
where n ∈ Z>, m, k ∈ Z≥, and | q| < 1 as usual.

II. Current & Future Research
I intend to pursue the following lines of research in the next few semesters.

It is expected that these problems will bring about other interesting ques-
tions that will further extend this project.

1. Elliptic Hypergeometric Series Identities. In recent years, there
has been a growing interest in multiple basic and elliptic hypergeometric
series identities (see, for example, [48], [50], [51], [52], [53], [61], [62],
[75, 76, 77, 78, 79, 80, 81], [21], [25], [112, 113], [109], [106], [100] and
[95]). The powerful iteration mechanism of BCn Bailey Lemma allows one
to give elementary proofs for many known multiple identities, and produce
many new and interesting results.

I intend to generate multiple analogues of most of the major classical
identities where possible as applications of BCn Bailey Lemma and other
relevant multivariate methods. The results given in Part I above indicates
that this program could be carried out. These generalizations, such as the
multiple non–terminating Watson transformation given in [35], however, re-
quire extensions of certain one dimensional techniques, such as reversing and



inverting single series to multiple series running over partitions. Fortunately,
the properties of Wλ/µ and ωλ/µ given in [34] makes it possible to carry out
such transformations in a systematic way. It should be also noted that with
the elliptic BCn Bailey Lemma, it would be possible to find identities where
the series terminated above (and below) by arbitrary partitions, which lacks
in most results appeared in literature.

An important extension of classical Bailey Lemma that was given by G.
E. Andrews in 2000 is called the well–poised or WP–Bailey Lemma [8]. Un-
like the one parameter Bailey Lemma that produces a one parameter Bailey
chain, and its two parameter extension that produces a Bailey lattice [2], the
WP-Bailey Lemma generates a more general Bailey tree.

I have written [37] an abstract formulation of the Bailey Lemma in the
setting of a multivariate interpolation problem on the space of symmetric
rational functions generated by elliptic Macdonald functions Wλ. With this
formulation, the infinite sequence of value distribution of a function in this
space and the infinite sequence of (generalized) Fourier coefficients in its
expansion against the Wλ basis form a Bailey pair. It turns out that this
formulation is closely related to a root system generalization of Andrew’s
WP–Bailey Lemma. I plan to study iterations of the BCn interpolation
Bailey Lemma and generate a multiple Bailey tree that would yield new
multiple elliptic hypergeometric series identities that may not be proved by
the two parameter BCn Bailey Lemma.

I expect that other one dimensional applications of Bailey Lemma (see,
for example, [4, 8, 7, 3, 12, 11, 13, 6, 10, 5, 9, 15, 16], and [22]) can be gen-
eralized to the setting of multiple series associated with various root systems.

2. Multiple q–Series Identities. The multiple Euler’s Pentagonal Num-
ber Theorem given in [33] is a beautiful generalization of the classical one
dimensional identity. However, multiple Rogers–Ramanujan identities given
in the same paper [33] are not the final results. Unlike the classical Rogers–
Ramanujan identities that admit a product representation, these multiple
analogues of the Rogers–Ramanujan identities are written in terms of deter-
minants of theta functions.

In the classical case, one uses the Jacobi triple product identity to com-
pute the product representation. I expect to find a product formula for
certain specializations for the multilateral Rogers–Selberg identity as well,
possibly using the Macdonald identities that generalize the Jacobi triple
product identity to root systems (see [68], [27]). I plan to further investigate



a possible product representation for Rogers–Ramanujan identities and the
more general Andrews–Gordon identities [24]. Among other indications, Eu-
ler’s Pentagonal Number Theorem mentioned above suggests that a product
representation may be found. Such a result would certainly be extremely
interesting in many ways.

I have given the more general Andrews–Gordon identities in the extreme
cases in [36], and conjectured the full version using the two–parameter BCn

Bailey Lemma. It takes the one–parameter Bailey Lemma N iterations to
generate the extreme cases of the Andrews–Gordon identities associated to
various root systems. The results are again written in terms of determi-
nants of theta functions. The determinant side of the Dn Andrews–Gordon
identities, for example, can be written as

n−1∏
i=1

{
1

(1 + qn−i)

} ∏
1≤i<j≤n

{
1

(1− qj−i)2(1− q2n−i−j)2

}
1

2
(−1)(

n
2)

n∏
i=1

q(n−i)2

det
1≤i,j≤n

(
q(j−1)(n−i)(q2N+1, q(2n−2i+1)N+(j−1), q2N+2−(2n−2i+1)N−j; q2N+1)∞

+ q−(j−1)(n−i)(q2N+1, q(2n−2i+1)N−(j−1), q2N−(2n−2i+1)N+j; q2N+1)∞

)
and

n∏
i=1

{
q(n−i)(n−i+1/2)

(1− q2n−2i+1)

} ∏
1≤i<j≤n

{
1

(1− qj−i)2(1− q2n+1−i−j)2

}
1

2
(−1)(

n
2)

det
1≤i,j≤n

(
q(j−1)(n−i+1/2)(q2N+1, q(2n−2i+2)N+(j−1), q2N+2−(2n−2i+2)N−j; q2N+1)∞

+ q−(j−1)(n−i+1/2)(q2N+1, q(2n−2i+2)N−(j−1), q2N−(2n−2i+2)N+j; q2N+1)∞

)
where | q| < 1 and n, N are positive integers. Note that these generaliza-
tions are in form similar to the right hand sides of the Rogers–Ramanujan
identities except that the base q is replaced by q2N+1. Thus, analogous to
the one dimensional case, the Dn Andrews–Gordon identities generalize the
Dn Rogers–Ramanujan identities to all odd moduli. I plan to investigate an
extension of Rogers–Ramanujan identities to even [29] moduli q2N as well
using BCn Bailey Transform and Bailey Lemmas.

Once the set up is complete and the initial Bailey pair is chosen, the
iteration step in Bailey Lemma is rather mechanical. However, as seen in



Part I, the formulas involved in these computations get very large as the
dimension n increases. I plan to hire a graduate student to write codes in
Mathematica language to carry out these large scale computations. Such
software tools will be of tremendous help in this area of research.

Once the iteration is terminated, the identity so found should be mul-
tilateralized (i.e., series should be written over Zn) for a possible product
representation. This is because the Macdonald identities used in finding a
product formula are multilateral. This step has turned out to be a major
block in previous attempts [75, 76, 77, 78, 79, 80, 81] for finding multiple
q–series identities. I have developed a technique called Multilateralization
Lemma in [33] to overcome this complication, and has proved the multi-
ple Rogers–Ramanujan identities and Euler’s Pentagonal Number Theorem
given above by multilateralizing a BCn generalization of an unspecialized
multiple series identity called the Rogers–Selberg identity under certain spe-
cializations of parameters. This remarkable result can be written as

∑
`(λ)≤n

(−1)|λ| b2|λ|t(1−n)|λ|−3n(λ)q2|λ|+5n(λ′) (bt
1−n)λ

(qtn−1)λ

n∏
i=1

{
(1− bt2−2iq2λi)

(1− bt2−2i)

}

·
∏

1≤i<j≤n

{
(qtj−i)λi−λj

(qtj−i−1)λi−λj

(bt3−i−j)λi+λj

(bt2−i−j)λi+λj

(tj−i+1)λi−λj
(qbt2−i−j)λi+λj

(tj−i)λi−λj
(qbt1−i−j)λi+λj

}

= (qb)∞n

∑
`(λ)≤n

b|λ|q|λ|+2n(λ′)t(1−n)|λ|

(qtn−1)λ

∏
1≤i<j≤n

{
(qtj−i)λi−λj

(qtj−i−1)λi−λj

(tj−i+1)λi−λj

(tj−i)λi−λj

}

where q, t, b ∈ C, | q| < 1 and (u)∞n denotes the product
∏n

i=1(ut1−i)∞.
The BCn Rogers–Selberg identity is proved as a limiting case of Watson
transformation that is generated in the second iteration of the Bailey Lemma
started with the unit Bailey pair corresponding to βλ = δλ0.

The multilateralization argument unveiled hidden geometric properties of
the series on both sides of the Rogers–Selberg identity even in the classical
case. In particular, it has become clear that the Rogers–Selberg identity
can be multilateralized for infinitely many specializations other than the two
standard cases giving the Rogers–Ramanujan identities. This observation
produced an alternative proof of Garrett–Ismail–Stanton’s one dimensional
generalization of the Rogers–Ramanujan identities [31].

In recent years, there has been strong interest in computer aided proofs
of classical q–series identities. The so–called sister Celine’s method which



is based on finding recurrence relations has been developed to Gosper and
WZ methods and later to their q–analogues ([115], [117]). Software tools
have been developed in computer algebra packages such as Maple and Math-
ematica implementing these methods (see [1], [93], [96], [60]) for classical
one–dimensional identities. I plan to hire graduate students to extend these
one–dimensional tools to handle multiple q–series identities. Such tools will
be very useful for future research in this area.

3. Combinatorial Aspects of Multiple q–Series. The investigation
of exact connections between q–series identities and enumeration of partitions
is a classical problem ([3, 6], [74], [45, 46], [108]). Typically, two sides
of an identity is shown to form generating functions for distinct classes of
partitions, thereby proving that the two classes contain same number of
partitions. The construction of bijection proofs for q–series identities is also
an interesting and active area of research.

I have started an investigation of combinatorial interpretations and proofs
of the multiple q–series identities given above in Part I, including Euler’s
Pentagonal Number Theorem. It turns out, for example, that a bijection
proof (see [90, 91]) is possible for the multiple Euler’s Pentagonal Number
Theorem in terms of plane partitions [36].

I plan to investigate combinatorial proofs of multiple q–series identities
in general in terms of more general plane partitions and multipartitions.
This approach will not only provide an alternative proof for already exist-
ing results, it would also improve overall understanding of multiple q–series
identities, and would likely to lead to new identities.

4. Multivariate Orthogonal Polynomials. The relations between
the classical Bailey Lemma and the classical q–Jacobi orthogonal polyno-
mials are investigated in the literature [44]. It is known, for example, that
the Bailey Lemma matrix in the classical case turns out to be the connec-
tion coefficient matrix for two sets of q–Jacobi polynomials with different
parameters.

On the other hand, the theory of multivariate orthogonal q–Jacobi poly-
nomials, and generalizations of other classical families of orthogonal polyno-
mials were also extensively studied [109, 110, 111]. It is therefore natural
to study possible connections between the BCn Bailey Lemma and these
families of multivariate orthogonal polynomials. I plan to investigate such
connection as a part of this project.
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